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We show that any connected graph with E edges and covering number ,8 satisfies 
the inequality E > 2/3 - I. The graphs for which equality holds are characterized. 
We use the notation and terminology of [2]. In particular, if G is a graph, 
V(G) and E(G) denote its vertex and edge sets, and v(G) and e(G) the cardi- 
nalities of these sets. A covering of G is a set Kc V such that each edge of G 
has at least one end in K. The minimum number of vertices in a covering 
of G is denoted by /3(G) and is called the covering m,unber of G. 
Erdiis, Hlajnal, and Moon [3] proved that, for any simple graph G, 
E < (Oil), and that the unique graph G with E = (“;I) is Ka+l (apart from 
isolated vertices). In this paper, we look at the minimum number of edges 
in a graph with prescribed covering number. 
It is easily seen that every graph G satisfies E > p and that E = p if and 
only if (apart from isolated vertices) G consists of p copies of K, . 
THEOREM. If G is connected, then E > 2/3 - 7. Moreover, 15 = 2/l - h 
if and only if, for some nonnegative integers I and m, G consists (of 1 K, com- 
ponents and m odd cycle components linked together by 1 t m - 1 edges. 
To prove the theorem, we need a lemma, a proof of which can be found 
in [I, p.2871. A graph G is p-critical if ,f?(G - e) < /3(G) for all e E E(G). 
(Since CL + /3 = v, such graphs are identical to the a-critical graphs defined 
in [I].) 
LEMMA. Every connected @zritical graph is a block. 
Proof of theorem. We use induction on v to show that E 3 2p - 1. 
This is clearly so if v = 1 or v = 2. Suppose it is true for all graphs with 
fewer than n vertices, and let v(G) = n > 2. Let P = vlvz ... v,, be a path 
of maximum length in G. Clearly, d,&J 2 2. We show that G .- v2 is con- 
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netted, apart from possible isolated vertices. In G ~ r:, , the vertices 
vg ) vg )...) ~1, clearly belong to one component C, . Suppose there were some 
other component C, containing at least one edge. In C, there would be 
a vertex 1~ joined (in G) to zig , and an edge IV~M~~ . However, this would imply 
the existence in G of the path W’~IV~ZI~ ... v,, , which would be longer than I?. 
Hence G - v2 is connected (apart from possible isolated vertices). By the 
induction hypothesis, E(G - up) 3 2,&G - UJ - 1. Hence 
E(G) = E(G - v2) + &(v,) > 2/3(G - v,) T 1 3 2p(G) - 1. 
We prove the second statement by induction on the number of cut edges 
of G. Suppose that E = 2,8 - I. If G is p-critical, then, by the lemma, G is 
a block. Thus either G E K, or G is 2-connected. In the latter case, let L’ 
be any vertex of G. Since G - D is connected, E(G - 2;) > 2p(G - v) - 1. 
Because P(G - v) 3 ,8(G) - 1, it follows that the degree of v is at most 2, 
and hence exactly 2. Therefore, in this case, G must be a cycle of length 
2p - 1. 
If G is not /%critical, let e be an edge such that /3(G - e) = p(G), and set 
H = G - e. Clearly, 
E(H) = 2P(H) - 2 (1) 
and so e must be a cut edge of G. Let HI and Hz be the components of N. 
Then 
44) 3 33WJ - 1 (2) 
and 
4HJ b 2PWJ - 1 (3) 
But, since E(H) = e(H,) + c(H,) and P(H) = ,@H,) + p(H&, (1) forces 
equality in (2) and (3). On applying the induction hypothesis to HI and di, , 
we see that G has the stated description. It is easy to show that, conversely, 
every graph G of this form satisfies E = 2p - 1. 
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